We prove that any non L-cocommutative finite Markov L-coalgebra yields at least two solutions of the Yang-Baxter equation and therefore at least two representations of the braid groups. We conclude by a generalisation of these constructions to any coalgebra.
Introduction
In this article, k is either the real field or the complex field. Moreover, all the involved vector spaces will have a finite or a denumerable basis.
The first part recalls the main notions on L-coalgebras introduced in [3] and developed in [3] [5] [4] . The second part uses these objects to construct representations of braid groups. 
L-coalgebras

Definition 2.2 [finite Markov L-coalgebra]
A finite Markov L-coalgebra G with dimension dim G and with a basis (v i ) 1≤i≤dim G is a L-coalgebra such that for all v i with 1 ≤ i ≤ dim G,
, where I vi , J vi are finite sets and w vi : I vi − → k andw vi : J vi − → k are linear mappings called weight.
Let V be a k-vector space. Denote by τ , the transposition mapping, i.e. In the sequel, directed graphs will be supposed locally finite and row finite without sink and source.
We recall a theorem from [3] . Let G be a directed graph equipped with a family of weights (w v ) v∈G0 . Let us consider the free vector space generated by G 0 . The set G 1 is then viewed as a sub-vector space of G 
With these definitions the vector space G 0 is a finite Markov L-coalgebra. In the sequel, G 0 will be identified with G.
Remark: [Geometric representation]
To yield a geometric support for coalgebras, we associate with each tensor product λx ⊗ y, where λ ∈ k, appearing in the definition of the coproducts a directed arrow x λ − → y. The directed graph so obtained is then called the geometric support of the coalgebra. The advantage of this formalism is to generalise the notion of directed graph. That is why we identify notions from directed graphs with notions from L-coalgebras. We draw attention to the fact that a directed graph can be the geometric support of different L-coalgebras. is the geometric support of the degenerate or coassociative L-coalgebra, generated by a, b, c and d and described by the following coproduct: ∆a = a⊗a+b⊗c, ∆b = a⊗b+b⊗d, ∆c = d⊗c+c⊗a, ∆d = d⊗d+ c ⊗ b and the geometric support of the finite Markov L-coalgebra, generated by a, b, c and d and described by the right coproduct:
Remark: Let G be a finite Markov L-coalgebra. If the family of weights used for describing right and left coproducts take values into R + and if the right counit ǫ : v → 1 exists, then the geometric support associated with G is a directed graph equipped with a family of probability vectors.
3 Representation of braid groups determined by directed graphs 
Such a solution is also called a R-matrix. Let us denote by S the set of solutions of YBE and by Aut(V ) the linear automorphisms group of V .
Remark: Let us recall that any solution of YBE supplies a representation of braid groups, see for instance [2] [6]. The aim of this article is to show that markovian coproducts, used to code the paths of directed graphs, yield solutions of YBE and thus representation of braid groups.
Proof: The injectivity is trivial. Let Ψ be an automorphism on V and x, y, z ∈ V . Let us prove thatΨ 1 is a solution of YBE.
x ⊗ y ⊗ zΨ
Ψ 1 is thus a solution of YBE. It is the same proof forΨ 2 . 
is still a solution of YBE.
Proof: Let Ψ 1 , Ψ 2 , Ψ 3 and Ψ 4 be four automorphisms on V . The first claim is straightforward and so is the second one by noticing that τ c(
Definition 3.4 [The companion graph]
Let G be a finite Markov L-coalgebra, equipped with a basis (v i ) i=1,...,dim G and equipped with two coproducts ∆ and∆. These coproducts define a directed graph G without sink and source, where the basis vectors are the vertex of G, equipped with two family of weights (w vi ) vi∈G and (w vi ) vi∈G . By definition, for all v i ∈ G, there exists finite sets I vi and J vi such
Let H be a k-vector space such that dim H = dim G, equipped with a basis (h i ) i=1,. ..,dim G . With each vector v i ∈ G, 1 ≤ i ≤ dim G, let us associate an unique h i ∈ H. Denote by G * := G ⊕ H, the associated finite Markov L-coalgebra, such that i = 1, . . . , dim G, the left coproduct is defined bỹ ∆ * (v i ) :=∆v i +h i ⊗v i ,∆ * h i = v i ⊗h i −h i ⊗h i and the right coproduct is defined by ∆ * v i = ∆v i +v i ⊗h i , 
Proof: Fix i such that 1 ≤ i ≤ dim G and let us prove that Ψw is invertible.
Remark: There exists an unique couple of automorphisms (Ψw, Φw) from Aut(V * ) such that for all
with the left coproduct∆ * remains exact with the right coproduct ∆ * . The equations remain the same except the labels of the sums {k : v k ⊗ v i ∈ J vi } which obviously become {k : v i ⊗ v k ∈ I vi } and where the family of weightsw is removed by the family of weights w. There always exists an unique couple of
With each non L-cocommutative finite Markov L-coalgebra are associated at least two representations of braid groups determined by its coproducts.
Proof: With each finite Markov L-coalgebra G, representing an unique directed graph G is associated, up to an isomorphism, an unique finite Markov L-coalgebra G * , thus an unique companion graph G * . Therefore, there exists up to an isomorphism, two different automorphisms Ψ w and Ψw, since the coalgebra is not L-cocommutative, from Aut(V * ) coding information contained within coproducts of G * .Ψ w andΨw are solutions of YBE thanks to the theorem 3.2. Proof: Let V be a coalgebra with coproduct ∆ such that the associated directed graph be by hypothesis row and locally finite. By using the Sweedler notation [7] , ∆v := v (1) ⊗ v (2) , for all v ∈ V , let us introduce the coproducts∆v := v (1) ⊗ v and ∆v := v ⊗ v (2) . These coproducts define a finite Markov L-coalgebra.
If it is not L-cocommutative, there are at least two different representations of braid groups and at least one otherwise.
